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Abstract
Extending a method developed by Sasaki in the Schwarzschild case and by Shibata, Sasaki,
Tagoshi, and Tanaka in the Kerr case, we calculate the post-Newtonian expansion of the gravitational
wave luminosities from a test particle in circular orbit around a rotating black hole up to O(v
8
)
beyond the quadrupole formula. The orbit of a test particle is restricted on the equatorial plane.
We nd that spin dependent terms appear in each post-Newtonian order, and that at O(v
6
) they have
a signicant eect on the orbital phase evolution of coalescing compact binaries. By comparing the











) improve the accuracy of the post-Newtonian formula
signicantly, but those at O(v
8
) do not improve.
PACS numbers : 04.25.Nx, 04.30.-w, 04.30.Db, 04.70.-s
I. INTRODUCTION
Among the possible sources of gravitational waves, coalescing compact binaries are considered to be the most
promising candidates for detection by near-future, ground based laser interferometric detectors such as LIGO [1],
VIRGO [2], GEO600, TAMA and AIGO. There are two reasons for this: rst, we can expect suciently large
amplitude of gravitational waves from these systems. Second, the estimated event rate, for neutron star binaries, is
several/yr within 200Mpc [3]. Furthermore, the observations of coalescing compact binaries are potentially important
because they bring us new physical and astronomical information. They can be used to test general relativity [4],
to measure cosmological parameters [5] and neutron star radii. It may even be possible to obtain information about
the equation of state of neutron stars [6]. If a neutron star or a small black hole spirals into a massive black hole
with mass < 300M

, the inspiral wave form will be detected by the above detectors. Such wave forms carry detailed
information about the spacetime geometry around the black hole, and therefore may be used to test the black hole
no hair theorem [7].
When a gravitational wave signal is detected, matched ltering will be used to extract the binary's parameters
(i.e. masses, spins, ets.) [6]. In this method, the parameters are determined by cross-correlating the noisy signal
from the detectors with theoretical templates. If the signal and the templates lose phase with each other by one




cycles as the waves sweep through the LIGO/VIRGO band, their cross correlation will be
signicantly reduced. This means that we need to construct theoretical templates which are accurate to better than
one cycle during entire sweep through the LIGO/VIRGO band [6]. If we have accurate templates, we can, in principle,
determine the mass of the systems within 1% error [8]. Thus, much eort has been expended to construct accurate
theoretical templates [9].
The standard method to calculate inspiraling wave forms from coalescing binaries is the post-Newtonian expansion
of the Einstein equations, in which the orbital velocity v of the binaries are assumed to be small compared to the speed
of light. Since, for coalescing binaries, the orbital velocity is not so small when the frequency of gravitational waves is
in LIGO/VIRGO band, it is necessary to carry the post-Newtonian expansion up to extremely high order in v. A post-
Newtonian wave generation formalism which can handle the high order calculation has been developed by Blanchet,





) beyond the leading order quadrupole formula[12-20]. An another formalism is also developed up to O(v
4
)
by Will and Wiseman [16,20] which is based on Epstein-Wagoner's formalism [21,22].
Although the post-Newtonian calculation technique will be developed and applied to the higher order calculation,
it will become more dicult and complicated. Thus, it would be very helpful if we could have another reliable method
1
to calculate the higher order post-Newtonian corrections. Recently the post-Newtonian expansion based on black
hole perturbation formalism is developed. In this analysis, one considers gravitational waves from a particle of mass
 orbiting a black hole of mass M when   M . Although this method is restricted to the case when  M , one
can calculate very high order post-Newtonian corrections to gravitational waves using a relatively simple algorithm in
contrast with the standard post-Newtonian analysis. This direction of research was rst done analytically by Poisson
[23] who worked to O(v
3
) and numerically by Cutler et.al. [24] to O(v
5
). Subsequently, a highly accurate numerical
calculation was carried out by Tagoshi and Nakamura [25] to O(v
8
) in which they found the appearance of log v terms
in the energy ux at O(v
6
) and at O(v
8
). They also claried that the accuracy of the energy ux to at least O(v
6
)
is needed to construct template wave forms for coalescing binaries. Tagoshi and Sasaki [26], using the formulation
built up by Sasaki [27], performed analytic calculations which conrmed the result of Tagoshi and Nakamura. These
calculations were extended to a rotating black hole case by Shibata, Sasaki, Tagoshi and Tanaka(SSTT) [28] to O(v
5
).
They calculated gravitational waves from a particle in circular orbit with small inclination from the equatorial plane
to see the eect of spin at high post-Newtonian orders. They found that the eect of spin on the orbital phase is
important at O(v
5
) order when one of the stars is a rapidly rotating neutron star with its pulse period less than 2 ms




 0:2. This analysis was extended to the case of slightly eccentric
orbits by Tagoshi [29]. The absorption of gravitational waves into the black hole horizon, appearing at O(v
8
), was
also calculated by Poisson and Sasaki in the case when a test particle is in a circular orbit around a Schwarzschild
black hole [30].
In this paper, we extend these analyses in the rotating black hole case to O(v
8
) order. Once again, the calculation
is based on the formalism developed by Sasaki [27] to treat a Schwarzschild black hole. Based on the post-Newtonian
expansion of the luminosity in the test particle limit when the central body is a Schwarzschild black hole ( [25,26]),
Cutler and Flanagan [31] estimated that we will have to calculate post-Newtonian expansion of gravitational wave
luminosity at least up to O(v
6
) in order to obtain the theoretical templates which cause less systematic errors than
statistical errors for the LIGO detector. Further, in a previous paper [28], we suggested that the eect of spin at
O(v
6
) to the orbital phase of coalescing binaries wouldn't be negligible if spin of the black hole was large (i.e. jqj  1).




neutron star). Since LIGO and VIRGO will be able to detect gravitational wave signals from
binaries with masses less than  300M

, it is important to construct templates for such binaries. The frequency of





, i.e., highly relativistic region. We do not know whether the convergence property of the
post-Newtonian approximation is good or not in such a highly relativistic motion. Hence, it is an urgent problem
to clarify at what point the convergence property of the post-Newtonian expansion is good. For these purposes, we
study the eect of spin beyond O(v
6
) order in this paper.
The paper is organized as follows. In section 2, we present the basic formalism to perform the post-Newtonian
expansion in our perturbative approach. First we perform the post-Newtonian expansion of the Teukolsky radial
function using the Sasaki-Nakamura equation. We also show the post-Newtonian expansion of the angular equation,
which is given in Appendix F. In section 3, we rst describe the post-Newtonian expansion of the source terms. We
consider circular orbits in the equatorial plane around a Kerr black hole. Then the gravitational wave luminosities to
O(v
8
) beyond the quadrupole formula are derived. In section 4, we compare post-Newtonian formulas with numerical
data which gives the exact value of gravitational wave luminosity and investigate the convergence property of the
post-Newtonian expansion. Section 5 is devoted to summary and discussion.
Throughout this paper we use the units of c = G = 1.
II. GENERAL FORMULATION
A. The Teukolsky equation
We consider the case when a test particle of mass  travels in a circular orbit around a Kerr black hole of mass
M  . We follow the notation used by SSTT [28], but for deniteness, we recapitulate necessary formulas and
denitions.
To calculate gravitational radiation from a particle orbiting a Kerr black hole, we start with the Teukolsky equation
[32,33]. We focus on the radiation going out to innity described by the fourth Newman-Penrose quantity,  
4
[34],
which may be expressed as
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sin d = 1: (2.2)
The radial function R
`m!



















(r) is the source term whose explicit form will be shown later, and  = r
2
  2Mr + a
2
. The potential
V (r) is given by
V (r) =  
K
2
+ 4i(r  M )K

+ 8i!r + ; (2.4)





























































denotes the radius of the event horizon and R
in
`m!
is the homogeneous solution which



















































For deniteness, we x the integration constant such that r










































B. Post-Newtonian expansion of the homogeneous solution
In the previous papers [27,28], the post-Newtonian expansion of the homogeneous solution was performed to O(
2
)
in the Schwarzschild case and O() in the Kerr case, where   2M!. In this section, we extend those methods,
performing the expansion of homogeneous solutions up to O(
2
).
In order to calculate gravitational waves emitted to innity from a particle in a circular orbit, we need to know
the explicit form of the source term T
`m!




is orbital radius in the
Boyer-Lindquist coordinate, the ingoing-wave Teukolsky function R
in
`m!
(r) at r = r
0
, and its incident amplitude B
in
`m!





we need to expand those quantity in terms of   2M! since !  O(
) where 
 is the orbital angular velocity of
the particle and M!  O(v
3
). In the case of a Kerr black hole, other combination of parameters a! appears in the
Teukolsky equation. We dene q  a=M and we have a! = q=2  O(
3
).





and their eigenvalues  in terms of a!. Since
a! = O(v
3





and  up to O((a!)
2
). The eigenvalue  has already been evaluated up to
O((a!)
2




























































are non-zero only for `
0






















(` + 2)(`  2)(`+m)(`  m)































































































































for ` = 3. We don't need S
(2)
`m
for ` = 4 in this paper.














































`(` + 1)(2`+ 3)(2`  1)
: (2.14)
Next we calculate the homogeneous solution R
in
`m!
. Here we only consider the case when ! > 0. We must treat



















































, and the functions ,  and  are shown in Appendix A. Conversely, we can
express X
`m!






































































































































  12iamM + 8M
2
]:
Now we introduce the variable z = !r and
z





























. To solve X
in
`m!









































which generalizes the phase function !(r

 r) of the Schwarzschild case. This prescription makes it easy to implement

























































































































are given in Appendix C. Note that the real part ofQ
(1)
vanishes when we insert the expression
for 
1













do not inuence the results in this paper.
By expanding 
`m





















































































































































is regular at z = 0. Hence 
(0)
`
= 0 and we set 
(0)
`































(n = 1; 2): (2.34)






































































































is an integration constant which represents the arbitrariness of the normalization of X
in
`m!





Next we consider 
(2)
`m


































are the real and imaginary part of 
(2)
`m
















are given in a previous
paper [27]. The term k
(2)
`m






































































































































































































































































where C(z) = Ci2z      ln 2z and S(z) = Si2z. Note that to obtain above two formulas, we have added terms
proportional to j
`
to simplify the formulas of A
in
`m!
below. As noted previously, the source term T
`m!
has support




= O(v). Hence we only need X
in
`m!
at z = O(v)  1 to evaluate the source integral, apart
from the value of the incident amplitude A
in
`m!




expansion not only in terms of  = O(v
3
), but also z by assuming  z  1. In order to evaluate the gravitational
wave luminosity to O(v
8
) beyond the leading order, we must calculate the series expansion of 
(n)
`m
in powers of z for
n = 0 to ` = 6, for n = 1 to ` = 5, for n = 2 to ` = 4, for n = 3 to ` = 3 and for n = 4 to ` = 2 (See Appendix C of
SSTT).
When we evaluate A
in
`m!
, we examine the asymptotic behavior of 
(n)
`m






















































































































































































The boundary condition of 
(n)
`m
that correctly represent the boundary condition of X
in
`m!
(Eq.(2.18)) is that z
(n)
`m
must be no more singular than z
(`+1 n)
at z ! 0. Since we need 
(n)
`m
only up to n = 4, we set 
(n)
`m
= 0 for all of `
and n in this paper. As for 
(n)
`m
, they still remain arbitrary and we set 
(n)
`m




into Eq.(2.22) and expanding it in terms of  = 2M!, we obtain X
in
`m!
which are shown in Appendix
C. Using the transformation of Eq.(2.16), we obtain R
in
`m!
which are also shown in Appendix D.













at z  1, etc., we obtain the


















































































































































































































Then noting that exp( i)  exp( i(z
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The corresponding incident amplitude B
in
`m!
for the Teukolsky function are obtained from Eq.(2.19).
8
III. GRAVITATIONAL WAVE LUMINOSITY TO O(V
8
)
A. The geodesic equations
In this section,we solve the geodesic equation for circular motion in the equatorial plane. The geodesic equations





















































































and C are the energy, the z-component of the angular momentum and the Carter constant of a test






















Since we consider a motion of a particle in the equatorial plane  = =2, we can set C = 0. We dene the orbital
radius as r = r
0
. Then E and l
z
are determined by R(r
0





























































B. Integration of the source term
Using results of the previous section, we can now derive the source term of the Teukolsky equation and integrate it
to give the amplitude of the Teukolsky function at innity.














)(   =2)('  '(t)): (3.4)









































































































































and  denotes the complex conjugate of .










































































































t = dt=d .
























































































































































































































































the complex conjugate of T
`;m;!
. Since the homogeneous Teukolsky equation is invariant under the complex conjugate










In this section, we calculate the gravitational wave luminosity up to O(v
8
) beyond the quadrupole formula. From
Eq.(2.1),  
4
































. At innity,  
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We only show 
`m










































































































































































































































































































































































































































































































































































































































































































































































































































































































Finally, gathering all the above results, the total luminosity up to O(v
8
































































































































In Appendix G, we present formulas for 
`;m





for the sake of convenience to
calculate the phase function for a inspiraling wave form [8].
Setting q = 0, above reproduces the previous results [25] [26] in a Schwarzschild case. Up to O(v
5
), the results
agree with those obtained by SSTT [28] in the case when the test particle moves a circular orbit in the equatorial
plane. For ` = 5 and 6, there are no contributions due to the black hole spin and the results are identical to the
Schwarzschild case.
In Eq.(3.40), the numerical value of terms at order O(v
6




  16:30 lnv). We
nd that the spin dependent terms are not so small compared to the other two terms if jqj is of order unity. Thus,
we see that spin dependent terms at O(v
6
) will give a signicant eect to template wave forms of coalescing binaries
when spin of a black hole is large.














IV. COMPARISON WITH NUMERICAL RESULTS
As discussed in section I, it is important to investigate the detailed convergence property of the post-Newtonian
approximation. Therefore we compare the formula for dE=dt, derived above, with numerical results and investigate
the accuracy of the post-Newtonian expansion of dE=dt.
In this section, we consider the total mass of the binary systems including black holes  2   300M

because
gravitational waves from such binaries can be detected by LIGO and VIRGO. In particular, we pay attention to the
14
accuracy of post-Newtonian formula for dE=dt when r  100M (or v  0:1), because gravitational waves from these
binary systems will be detected when the orbital separation becomes less than r ' 100M . Here, we ignore the eect
of absorption of gravitational waves by the black hole. We will briey discuss its eect in the next section.
A numerical study of dE=dt from a particle in a circular orbit in the equatorial plane around a Kerr black hole has
been performed by Shibata [39]. Since nothing was assumed about the velocity of a test particle, those results are






found that this accuracy is not sucient to compare it with the post-Newtonian formula for dE=dt including terms
up to O(v
8
). Thus, in this paper, we calculate dE=dt again requiring the accuracy to be  10
 5
. In the numerical
calculations, we have taken into account the contribution from the ` = 2 through ` = 6 modes in dE=dt which is
consistent with the post-Newtonian formula.
In gs.1(a e), we show the error in the post-Newtonian formulas as a function of the Boyer-Lindquist coordinate
radius when q =  0:9,  0:5, 0, 0.5 and 0:9. In these gures, we show the error for 6  r=M  100. Since the radius
of the inner stable circular orbit for q = 0:9 is r
lso
' 2:32M and a stable circular orbit is possible for r > r
lso
, we also



























denote the post-Newtonian formula and the numerical results respectively. As for
(dE=dt)
PN
, we have used 2-PN, 2.5-PN, 3-PN, 3.5-PN and 4-PN formulas. Here, we dene n-PN formula as the
expression for dE=dt which includes post-Newtonian terms up to O(v
2n
) beyond the quadrupole formula. In each
gure, open square, lled triangle, open triangle, lled circle, and open circle denote the error of 2-PN, 2.5-PN, 3-PN,
3.5-PN and 4-PN formulas, respectively. We note that in g.2, the errors in the 2.5-, 3- and 4-PN formulas become
greater than unity for very small radius, because in such a region, dE=dt for those PN formulas becomes negative.
From these gures, we nd the following.





100M irrespective of q. If
we use the 3-PN formula, however, the error decreases signicantly, and it becomes less than 10
 4
for r > 60M , and
less than 10
 3
for r > 30M irrespective of q.
(2) If we adopt the 3.5-PN formula, the accuracy becomes better than that of 3-PN formula. The error is always less
than 10
 4
when r is greater than  30M and less than 10
 5
when r is greater than  60M . This feature does not
depend on q. However, if we use the 4-PN formula, the accuracy is not improved compared with the 3.5-PN formula.
In particular, this tendency is remarkable for smaller radius.







5M for q = 0:5 and 0:9, r
c
 10M for q = 0 and  0:5, and r
c
 15M for q =  0:9. Thus, the convergence of
the post-Newtonian expansion seems rather poor around r
c
.
Using the above results, we investigate the accuracy of the post-Newtonian formulas as templates for various binary
systems. As explained in section 1, to investigate the accuracy of the post-Newtonian formulas as templates, it is
useful to check if they can predict the number of cycles of the gravitational waves, N , with accuracy less than 1.
compact binary systems, the cycles are mainly accumulated around  10Hz which is the lowest frequency region in
the LIGO band, and N is approximately given by




























when the frequency of gravitational wave becomes 10Hz.
First we consider equal mass binary systems, that is M = 4. At 10Hz, the orbital separation of a binary of










, and the 3-PN formula is needed. The 3-PN formula seems adequate irrespective of q.
On the other hand, the situation is slightly dierent in the case when a neutron star of mass  1:4M

spirals into
a larger black hole. In such a case, the number of the cycles of the gravitational waves is large compared with the
equal mass case when the total mass is the same. Thus, it seems that we need at least the 3.5-PN formula for binaries
15
of mass greater than  30M

to obtain the required accuracy. Also, for binaries of mass greater than  70M

, we
need higher post-Newtonian corrections beyond 4-PN order.
Binary systems of total mass greater than  100M

can be detected when r is smaller than  15M . However,
as mentioned in (3) above, the convergence property of the post-Newtonian expansion becomes bad for small orbital
separations. In particular, for q   1, the accuracy of the post-Newtonian expansion seems bad at r  15M . Thus,
it may not be appropriate to use the post-Newtonian approximation for binaries of total mass  100M

with large
mass ratio  M . A more detailed investigations of the convergence of the post-Newtonian expansion will require
the calculation to be carried beyond 4-PN order.
V. SUMMARY AND DISCUSSION
In this paper, we have performed a post-Newtonian expansion of gravitational waves from a particle in a circular
orbit around a Kerr black hole. The orbit lies in the equatorial plane and the calculations are accurate to O(v
8
)
beyond the quadrupole level. We have performed the post-Newtonian expansion of the Sasaki-Nakamura equation
and obtained the Green function of the radial Teukolsky equation up to O(
2
) using methods developed previously.
Then we obtained all the necessary radial functions to the required accuracy. We have also calculated the spin
weighted spheroidal harmonics up to O((a!)
2
). The outgoing wave amplitude of the Teukolsky function and the
gravitational wave luminosities were derived up to O(v
8
) beyond the quadrupole formula.
It is worth noting that in the formula for 
2;2


















can be explained in terms of the quadrupole
formula as the contribution of the quadrupole moment of the Kerr black hole to the orbit of the test particle. A
















, where r^ is the orbital radius of a test particle in de Donder coordinates. If multipole moments
of the black hole exist, the orbital radius is changed due to the inuence of those multipole moments (or if we x the
orbital radius, 
 is changed due to the multipole moments of black hole). We can calculate the leading order eect
of the multipole moments to the orbital radius by using multipole expansion of the Kerr metric (Eq.(10.6) of Ref.




































































the eect of both the mass quadrupole moment and ` = 4 mass multipole moment of a black hole.






























=16 can also be derived simply in a similar way.
In section 4, by comparing post-Newtonian formulas for dE=dt with numerical data, we indicated that the con-
vergence of the post-Newtonian expansion seems bad when orbital radii of binaries become less than  15M . This
suggests that the post-Newtonian expansion may not be appropriate to construct theoretical templates for large mass
ratio binaries where the total mass is greater than  100M

because gravitational waves from such binaries enter
the LIGO/VIRGO frequency band when r
<

15M . Nevertheless, the higher order post-Newtonian terms gradually
improve the accuracy of the templates. Hence, it is very natural to ask whether the post-Newtonian expansion is
always appropriate or not, and if appropriate, up to what order we need the post-Newtonian terms to construct
accurate templates. Fortunately, it is possible to obtain the formulas for dE=dt which include post-Newtonian order
terms beyond O(v
8
) by extending techniques developed in this paper. Extension of the present work up to the higher
post-Newtonian order, beyond O(v
8
), is very important and that is our future work.
The analysis, in this paper, has been restricted to the case when a test particle moves in a circular orbit on the
equatorial plane. However, as shown in a previous paper [28], inclination of the orbital plane from the equatorial
plane will signicantly aect the orbital phase evolution. Hence, the present work should be considered as a rst step
toward the complete calculation of the energy and angular momentum luminosities including the orbital inclination.
Finally, we comment on the eect of absorption of gravitational waves by the black hole event horizon which should
be taken into account when we consider the orbital evolution of black hole binaries. According to Gal'tsov [43], the































Thus, the eect of absorption appears from O(v
5
) if q 6= 0. Although the coecient is small compared with that of
dE=dt for the outgoing wave even in the case jqj  1, we need the expression for dE=dt due to the black hole absorption
to obtain an accurate template up to O(v
8
). Therefore, to obtain the higher order post-Newtonian corrections to the
black hole absorption is a problem for the future.
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APPENDIX A: THE FORMULAE OF F AND U
In this Appendix we show the potential functions F and U of the SN equation (2.15). Details of the derivation are
given in Ref. [36].
































=  12i!M + ( + 2)  12a!(a!  m);
c
1
= 8ia[3a!   (a!  m)];
c
2
































































































APPENDIX B: FUNCTIONS IN THE SOURCE TERM
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APPENDIX F: SPHEROIDAL HARMONICS
















































































are the spherical harmonics of spin weight s =  2 and 
n
are given in section 2.2. Here we explicitly
represent the `-dependence of 
n














sin d = 1: (F3)
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< `; 2;m; 0j`
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6= `) which are
given in section II.B. As for d
`
`m




(Eq.(2.2)). Inserting Eq.(F2) into Eq.(2.2),



































































































































APPENDIX G: THE EXPRESSION OF THE LUMINOSITY BY MEANS OF THE ORBITAL ANGULAR
FREQUENCY
For the sake of convenience to calculate the orbital phase error, we describe the formula of gravitational wave
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Figure Captions
Figs.1(a-e) : Error of the post-Newtonian formulas as a function of the Boyer-Lindquist coordinate radius r for
6  r=M  100 in the case q =  0:9,  0:5, 0, 0.5 and 0:9. In each gure, open square, lled triangle, open triangle,
lled circle, and open circle denote the error of 2-PN, 2.5-PN, 3-PN, 3.5-PN and 4-PN formulas, respectively.
Fig.2 : Error of the post-Newtonian formula of q = 0:9 for 2:5  r=M  12. Open square, lled triangle, open triangle,
lled circle, and open circle denote the error of 2-PN, 2.5-PN, 3-PN, 3.5-PN and 4-PN formulas, respectively.
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